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In a recent paper [I] M. Artin has proved a remarkable theorem charac- 
terizing Azumaya algebras without reference to the center. His theorem 
reads as follows: 
THEOREM (M. Artin). If R is an algebra over a jield K, then R is an 
Azumaya algebra of rank n2 over its center if and on@ if: 
(1) R satisjies all the identities of n x n matrices with coejicients in K, 
(2) No homomorphic image of R satis$es the identities of (n - 1) x (n - 1) 
matrices. 
We want to give a new proof of this theorem doing away with the restrictive 
hypothesis that R should be an algebra over a field. We still borrow heavily 
from Artin’s paper at various points. 
1. GENERAL FACTS 
DEFINITION 1 .l . We say that a ring satisfies the identities of n x n 
matrices if it satisfies all the Z-identities of the ring 2, . 
We recall that 2, satisfies the identity 
(S,, is the symmetric group on 2n elements and 1 CJ 1 is the signature of u) 
and 2, does not satisfy any identity of degree less than 2n [4]. 
We also recall that, if p(x, ,..., x3 is a polynomial with coefficients in 2 
and if p(x, ,..., xk) does not vanish identically on every ring A, of n x n 
matrices over a ring A of characteristic p, then, if F is an infinite field of 
characteristic p, det p(a, ,..., ak) is nonzero for suitable matrices ai EF, [5]. 
* This work has been supported by: Consiglio Nazionale delle Ricerche, 
G.N.S.A.G.A. 
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Furthermore, if x EF, , y E F, , xn - Tr(x) . x”-r + CyIt olixi = 0. 
Hence, 
0 = S, 
( 
xny - Tr(x) * xn-ry + 1 olixiy, x+2y, xn-a~,..., 
r) 
= Sn(xny, xnp2y ,..., y) - Tr(x) . Sn(xn-ly, x”--~Y ,..., y) 
+ c %Sn(XiY, xn-y ,..., y), 
all the last terms are 0. As there are two equal entries, therefore 
Tr(x) * S,(x”-ly, ~“-4 ,..., y) = Sn(xny, x”--~Y ,..., y). 
This identity clearly holds also if x, y E R, R a central simple algebra of 
rank n2 over its center. 
Now Sn(xn-4, ~+~y,..., y) is not identically 0 in R, provided the center 
of R has at least n elements [4]. If we consider x = (xij), y = ( ysj) as generic 
matrices, then det S,(x+ly,..., y) = f(xii , yij) is a nonzero function of a 
certain degree h. Therefore, if R is a central simple algebra of rank n2 over its 
center 2 and 2 has more than h elements, the reduced norm N(S,(x+ly,..., y)) 
is a nonvanishing function of x, y which is a polynomial of degree h of the 
coefficients of x, y with respect to every basis of R over 2. 
Further we recall that if R is a prime ring with polynomial identity, then R 
has a total ring of quotients Q (both left and right) with center Z such that Q 
is central simple and finite-dimensional over Z, R and Q satisfy the same 
polynomial identities, Q = RZ [3]. 
2. LOCALIZATION 
Let R be a ring and S a subset. 
DEFINITION 2.1. We say that S is localizing if: 
(1) S is closed under multiplication; 
(2) GivenaER,sESthereisatESandbERwithat =sb; 
(3) Ifst =r,s,rES,thentES. 
If S is localizing then there is a localized ring Rs and a map R -+ Rs with 
the usual universal properties of localization. Furthermore, every element 
,f Rs is a fraction YS-l, I E R, s E S. 
Furthermore, if R has a full ring of quotients Q, R C Q, and S is made of 
regular elements, then, R,_C Q and it is exactly the subset of fractions of the 
form rs-l, r E R, s E S [4]. 
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Now let R be a ring satisfying a multilinear identity r(~i ,..., x,) = 
%$4% ,*--> x,) + &Q ,..., x,), where ~(xi ,..., x,) collects all monomials 
which do not start with x1 . Let I be a two-sided ideal of R; we havel: 
THEOREM 2.2. (a) If no homomorphic image of R/I satisfies #(x2 ,..., x,) 
and S = (7 E R 1 Y z 1 mod I}, then S is localizing. 
(b) If (1) R/I does not satisfy #(x2 ,..., x,), 
(2) I is a prime ideal, then S = (I E R 1 r regular mod I} is localizing. 
(In this case we indicate Rs also as RI.) 
Proof. (a) Conditions (l), (3) are trivial; we must prove (2). The assump- 
tion on #(xs ,..., x,) means that the ideal of R/I generated by #(bs ,..., b,), 
bi E R/I is the whole R/I, i.e., there exist elements ai , ci , yji) E R, j = 2 ,..., n, 
i = I,..., s such that u = C ai+(Tc), r$)) ci = 1 mod I. 
Let now a E R, s E S. We have 
0 = y(aq , STY), sr$) ,..., srt)) = aa,+!), srs ,..., ST?)) + sm, w 
so that ax ai+( SY~),..., sr$))ci = sb. Now if t = C a,t,b(sr~), ~~),...,sr~))ci , 
we have, as s E 1 mod 1, that t = u = 1 mod 1, and at = sb; in fact, we have 
something more: Rt _C sR. 
(b) Conditions (l), (3) are again trivial. Let again s E S, a E R. Then 
0 = y(u, srp ,..., ST,) = q&t-~ ,..., s-r,) + sm. 
Now R = R/I is prime and s is regular in i? = R/I; therefore, R and sR have 
the same quotient ring and hence the same identities. Now #xs ,..., x,) 
is not an identity of i?, therefore there are elements ra ,..., r, such that 
Ye-2 ,***, sr,) $I. Now J = R#(sr, ,..., sr,)R is a two-sided ideal and J g I 
means that there is a t E J and t regular mod I [3]. We have now at = sb; 
in fact, again we have Rt C sR. 
3. ARTIN’S THEOREM 
It will be useful for our discussion to give a definition. 
DEFINITION 3.1. A ring R is called an A, ring if 
(1) It satisfies all the identities of it x n matrices, 
(2) No homomorphic image of R satisfies the identities of (n - 1) x (n - 1) 
matrices. 
1 I am indebted to Lance Small for part (b) of this theorem. 
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Remark. Under condition (l), condition (2) is equivalent to saying that, 
for every maximal ideal M of R, R/M is central simple of rank n2, or also that 
for every prime ideal P of R, R/P is an order in a central simple algebra of 
rank n2. 
We want to prove the following: 
THEOREM 3.2. A ring R is an A, ring if and only if it is an Axumaya 
algebra of rank n2 over its center. 
To prove that an Azumaya algebra of rank n2 over its center is an A, ring 
is quite easy [ 11, the difficult part is the converse. We will prove this theorem 
in many steps. 
LEMMA 3.3. If R is an A, ring and R is projective of rank n2 over a subring 
A of the center, then R is Azumaya. 
Proof. Let M be a maximal ideal of A, we only have to prove that RIMR 
is central simple over A/M [2]. N ow R = R/MR is free of rank n2 over the 
field A/M. If R is not central simple over A/M, then some homomorphic 
image of R is central simple of rank K2 < n2 over its center. This is impossible 
because R is an A, ring. 
Let now R be a prime ring. If P is a prime ideal of R, then we are under 
the hypothesis of Theorem 2.1 (b). Let S be the set of elements of R regular 
modulo P. First of all I claim that S is made up of regular elements in R. 
This follows from the lemma. 
LEMMA 3.4. Let R be a prime ring order in a simple algebra of rank n2 over 
its center, then c E R is regular in R if and only if CR does not verify a certain 
fixed multilinear identity #(x) E 2(x,} (depending only on n”). 
Proof. There is a fixed multilinear polynomial 
I/G = s2n-2(xp ,...) x$ttm2> ylS2n-2(X$) )..., xi:-,, y2 -** s2?z-2(xp) )..., x,':!,> yn 
such that if Q is a simple algebra of rank n2 over its center 2 and A _C Q is 
a Z subalgebra, then A # Q f i and only if # vanishes on A [4]. Now c E R 
is regular if and only if it is invertible in Q, i.e., cQ = Q, but Q = RZ hence 
cQ = cRZ hence (G vanishes on CR if and only if c is not regular in R. 
Now going back to the assertion made before, s regular modulo P implies 
that ii? does not satisfy 4; hence sR does not satisfy 4 (the same 4 because R 
and R/P are both orders in simple algebra of rank n2). 
Now R has a total ring of quotients Q and as S is made up of regular 
elements, we will have R C Rs = RF C Q. Now assume that R is already 
local with P its unique maximal ideal, then we claim that R = Rp . In fact, 
ON A THEOREM OF M. ARTIN 313 
i fs E R is regular modulo P, then let I = {t E R / Rt C sR}. I is a two sided 
ideal, by Theorem 2.1 (b), I Q P; hence I = R and s must be invertible. 
LEMMA 3.5. Let R be a prime, local A, algebra over a commutative ring A. 
Assume, furthermore, that A/M n A has more than h elements (cf. Section l), 
where M is the maximal ideal of R; then R is Axumaya. 
Proof. Let Q be the quotient ring of R with center 2; let Tr : Q -+ Z 
denote the reduced trace. We claim first that Tr : R --f R. So let r E R; we 
have for any b E R: &(r%b, rn--$b ,..., b) = Tr(Y) S&“-lb, rnV2b ,..., b). Let us 
indicate for simplicity $(r, b) = Tr(r) ~(r, 6). If we could find b such that 
~(r, b) is invertible modulo M, we would be done. In general, we do not 
know this, but as A/M n /I has more than h elements, we can find a, b E R 
such that y(a, b) is invertible modulo M. Considerf(x) =N(v(a+ ti, S))E~[X], 
where N denote the reduced norm in RIM, z is the center of R/M. f(x) has 
degree < h, hence we can find a A E A nonzero modulo M such that 
N(y(a + AT, 6)) # 0. Hence, 
Na, 4 = W4 * da, 4, 
#(a + hr, b) = Tr(a + hr) * v(a + hr, 6) 
with p)(a, b), p)(a + hr, b) invertible modulo M. Hence invertible in R as R 
is local, hence Tr(a + hr) - Tr(a) = h Tr(r) E R. But h is invertible 
modulo M; hence invertible, so that Tr(r) E R. Note also that all these 
identities specialize modulo M; hence Tr(r) = Tr(i). 
Now let zr ,..., x,2 E R be a basis of R/M over 2. We have det(Tr(%&) # 0 
(the discriminant of the basis), i.e., d = det(Tr(zizj)) is invertible mod M, 
so d is invertible in R. 
So now let r = R n 2, the center of R. If Y E R, r = C clizi , 01~ E 2, the 
zi’s form a basis for Q over 2. Now Tr(rzj) = C 01~ Tr(z,zj); hence 01~ E r. 
So R is free of rank n2 over rand by Lemma 3.3 it is Azumaya. 
LEMMA 3.6. Let R be an A, ring, let IJI : R -+ S a central extension; then S 
is an A, ring. 
Proof. We remind that v is a central extension means that if 2 is the center 
of S, ?(R)Z = S. Now if a nonzero quotient s’ of S satisfies the identities of 
(n - 1) x (n - 1) matrices then the image of R under the map R + S + S 
is a nonzero quotient of R which satisfies the identities of (n - 1) x (n - 1) 
matrices, which is a contradiction. So it remains to be proved that S satisfies 
all the identities of n x n matrices. Now R is a quotient of Z{.&}, an algebra 
generated by generic n x n matrices [5], and hence S is a quotient of 
U = Z{xa} az Z[yJ, Z[ys] a commutative polynomial ring. Now Z{xE} 
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is contained in the ring of n x n matrices over a suitable commutative ring, 
hence also U is contained in n x n matrices over another commutative ring U, 
and therefore S satisfy all the identities of n x n matrices. 
LEMMA 3.7. Let R be a prime A, ring. Suppose that for every maximal 
ideal M of R, R, is Azumaya, then R is Azumaya. - 
Proof. First we remark that by Theorem 2.1 (b), RIM exists and it is - 
contained in Q, the quotient ring of R. 
Let Z, be the center of R, . Then, first of all, ZM 2 Z, Z denoting the 
center OF Q, because Q = RZ; and, what is important, r = 0 Z, C R. 
In fact, if 01 E r, consider I = {r E R 1 ra: E R}, I is a two-sided ideal. If? # R, 
I is contained in a maximal ideal @, now OL E R,; hence 01 = rs-I, s $ &f 
so s E I a contradiction. Therefore, if r E R, Tr(r) E n Z, C R, as 1p, is - - 
Azumaya. Furthermore, let I C R be the ideal generated by all discriminants 
of all bases of Q contained in R. Again if I C B as RIM is Azumaya, we can 
find a basis zi ,..., x,2 E RM which is a basis of RNI over its center. Now the 
zi may not be in R but they can be made to be in% by multiplying them all 
by some s invertible in R, . This does not change the property that they form 
a basis of Ii, over Z, . If we do this, the discriminant of the zi (now in R) 
is not in &J 1 I, and again we have a contradiction. Hence 1 = C aidi, 
di a discriminant, ai E R. Now consider, if a EQ, the regular representation 
aR : Q -+ Q, x -+ xa . det(a,) E Z, and if a = C xiai , then det(a) is a homo- 
geneous polynomial in the xi’s with coefficients in Z. If ai E R, restricting the 
regular representation to each RM which is free over ZM , we see that these 
coefficients are in Z, for every-M; hence they are in r. So 1 = C aid, , 
CL( E r by considering 1 = det(C aidi) = C olidi . 
Now R is a module over its center r. r contains all the traces of elements 
in R. Hence r is an order in Z (because if z E Z, bx = a, a, b E R and we can 
choose b so that Tr(b) # 0; so x = Tr(a) . (Tr(b)-l) [7]). So Q = R & Z 
and Ri = R Or r[l/d,] C Q. Now R, is free over r[l/d,] because the 
elements of R having as discriminant di are a basis of Ri over r[l/dJ. Now 
Ri is an A, ring, by Lemma 3.6; therefore, by Lemma 3.3, Ri is Azumaya. 
Now as the di generate the unit ideal in I’ we must have that R is Azumaya 
over r [2]. 
THE GENERAL CASE 
Let now R be any A, ring. R ‘V Z{[,}/I- T/I, Z{&} an algebra of generic 
n x n matrices. Now I is an ideal which satisfies the conditions of Theorem 
2.1 (b) relatively to the identity S&X, ,..., ~a~), so let S C T be the set of 
elements congruent to 1 modulo I, we can form the algebra Ts . 
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Now (1) Is = {it-l / i E 1, t E S> is a two-sided ideal of Ts , and 
(2) Is n T = I. This is an easy computation; it follows from the fact that if 
si = jt, iEI,s,tES, then O=i=~i=jf=j so jEI. Therefore, 
(1) it-$U-l = it’-lu-l E 1, (t-Q = r’s-l); ru-lit-1 = rjv-It-1 E I,; jv-1 = u-li 
and j E I, (2) t = iu-l implies tu = i implies t E I. Therefore, T,/I,- 
T/I II R. It is, therefore, enough to prove that T, is Azumaya. Now first 
I claim that Ts is an A, ring. T, clearly satisfies all the identities of 71 x 71 
matrices, and, furthermore, as &,-,(x1 ,..., ~a%) does not hold in any quotient 
of R, it follows, as in Theorem 2.1, that there is an s E S of the form 
Now s is invertible in Ts so no homomorphic image of T, can satisfy 
&-2(x1 9.-., ~~,+a) which is an identity of (n - 1) x (n - 1) matrices. 
Now let M be the quotient ring of Ts (and of T). We know [S] that M is a 
division ring and if F is any field extension of the rational numbers Q, 
M @o F is again prime (in fact always a domain). Now let F be an algebraic 
number field such that the integers /l in F satisfy the condition that all the 
residue fields of (1 have more than h elements (a cyclotomic extension will do); 
then Ts oz /l _C M oz d C M &, F (2, Q integers and rationals, respec- 
tively) and so T’ = Ts @a II is a prime A, ring. Now if JJ is any maximal 
ideal of T’ we know that TM’ is a local, prime A, algebra over (1. Furthermore, 
M n /I is a prime ideal of 2 and therefore /I/&4 n (1 has more than h elements. 
Hence TM’ is Azumaya for all iV, by Lemma 3.5; and by Lemma 3.7, 
T’ is Azumaya. Finally, as (1 is free over 2, it follows immediately that Ts 
is Azumaya [2]. 
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